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j^ 1 ' Abstract 

^-^ ' Let / CA?xyx2bea relation. Let the public coin one-way communication 

complexity of /, with worst case error 1/3, be denoted R^g Ub (/). We show that if for 

computing f k (k independent copies of /), o(k ■ ^\^ b (f)) communication is provided, 
fNJ . then the success is exponentially small in k. This settles the strong direct product 

conjecture for all relations in public coin one-way communication complexity, 
^vq We show a new tight characterization of public coin one-way communication com- 

■ plexity which strengthens on the tight characterization shown in J., Klauck, Nayak [JKN08]. 

We use the new characterization to show our direct product result and this may also 
be of independent interest. 

1 Introduction 

Let f<ZXxyxZbe& relation and e > 0. Let Alice with input x € X, and Bob 
with input y £ y, wish to compute a z S Z such that (x, y, z) £ f. We consider 
the model of public coin one-way communication complexity in which Alice sends a 
single message to Bob, and Alice and Bob may use pubic coins. Let Re' pub (/) denote 
the communication of the best protocol V which achieves this with error at most e 
(over the public coins) for any input (x,y). Now suppose that Alice and Bob wish to 
compute / simultaneously on k inputs (x\, yi), . . . , (xk,yk) for some k > 1. They can 
achieve this by running k independent copies of V in parallel . However in this case 
the overall success could be as low as (1 — e) k . Strong direct product conjecture for / 
states that this is roughly the best that Alice and Bob can do. We show that this is 
indeed true for all relations. 
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Theorem 1.1 Let f^XxyxZbea relation. Let k > 1 be a natural number. Then, 

R^n W (/*)>n(*-R$ b (/)) • 

We show this result by showing a new tight characterization of public coin one-way 
communication complexity for all relations. We introduce a new measure of complexity 
which we call the robust conditional relative min-entropy bound. We show that this 
bound is equivalent, up to constants, to R^g Ub (/) and use this to show the direct 
product result. This bound forms lower bound on the one-way subdistribution bound 
of J., Klauck, Nayak [JKN08] where they show that their bound is equivalent, up to 
constants, to (/)• They also showed that the one-way subdistribution bound 

satisfies the direct product property under product distributions. 

There has been substantial prior work on the strong direct product question and 
the weaker direct sum and weak direct product questions in various models of commu- 



nication complexity, e.g. [IRW941 IPRW971 ICSWYOU ISha03} I.TRS031 lKSdW04l IKla04l 
IJRS051 IBPSW071 IGav08l IJKN081 IJK091 IHJMR091 IBBR101 IBRlOl IKlalOj . 

In the next section we provide some information theory and communication com- 
plexity preliminaries that we need. We refer the reader to the texts [CT91, KN97 
for good introductions to these topics respectively. In section [3] we introduce our new 
bound. In section H] we show that it tightly characterizes public coin one-way commu- 
nication complexity. Finally in section [5] we show our direct product result. 



2 Preliminaries 
Information theory 

Let X,y be sets and A; be a natural number. Let X k represent X x • • • x X, k times. 
Let /i be a distribution over X which we denote by fi G X . We use to represent the 
probability of x under /i. The entropy of /i is defined as S(fi) = — ^2 xG x log^O^)- 
Let X be a random variable distributed according to /i which we denote by X ~ 
We use the same symbol to represent a random variable and its distribution whenever 
it is clear from the context. For distributions fj,, {i\ G X , \i (g) [i\ represents the product 
distribution (fi <S> Hi){x) = ii{x) (g) Hi{x) and \i k represents [i <g) • • • ® fi, k times. The l\ 
distance between distributions is defined as — ^i||i = \ Yl x &x \f i ( x ) ~~ ^i(x)\. 
Let A,/i G X x y. We use /J>(x\y) to represent y)/[i(y). When we say XY ~ /i 
we assume that X £ X and Y G y. We use fj, x and Y x to represent Y\ X = x. The 
conditional entropy of Y given X, is defined as S(Y\X) = K x4 ^xS(Y x ). The relative 
entropy between A and fi is defined as S(A||/i) = Ylxex ^( x ) 1°S j^y- We use the 
following properties of relative entropy at many places without explicitly mentioning. 

Fact 2.1 1. Relative entropy is jointly convex in its arguments, that is for distribu- 
tions Ai,A 2 ,Mi)M2 

S{pX 1 + (l-p)X 2 || pAti + (l-p)/i 2 ) <P-S(X 1 \\^ 1 ) + (l-p)-S(X 2 \\^ 2 ) . 
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2. Let XY,X 1 Y 1 £ X x y. Relative entropy satisfies the following chain rule, 

SiXYWX'Y 1 ) = SiXWX 1 ) + E X ^ X S(Y X \\Y X 1 ) . 
This in-particular implies, using joint convexity of relative entropy, 
SiXYWX^Y 1 ) = S(X\\X 1 ) + E X ^ X S(Y X \\Y 1 ) > S^X 1 ) + ^(YllY 1 ) . 

3. For distributions A, fi : ||A — fi\\i < a/ 5(A| \fi) and S(X\\fi) > 0. 

The relative min-entropy between A and a is defined as SoofAl lit) = max^g^ log ^4. It 
is easily seen that 5(A||/i) < S^AH/i). Let X, Y, Z be random variables. The mutual 
information between X and Y is defined as 

I{X : Y) = S(X) + S(Y) - S(XY) = E X< _ X S(Y X \\Y) = E y ^ Y S(X y \\X). 

The conditional mutual information is defined as I(X :Y\ Z) = E z ^zI{X :Y\ Z = z). 
Random variables XYZ form a Markov chain Z -H- X Y iS I(Y : Z\ X = x) = 
for each x in the support of X. 

One-way communication complexity 

Let f <^ X x y x Z be & relation. We only consider complete relations that is for each 
(x,y) £ X x y, there exists at least one z £ Z such that (x,y,z) £ f. In the one-way 
model of communication there is a single message, from Alice with input x £ X to 
Bob with input y £ y, at the end of which Bob is supposed to determine an answer z 
such that (x,y,z) £ f. Let e > and let jx £ X x y be a distribution. We let Dl'^(f) 
represent the distributional one-way communication complexity of / under fi with 
expected error e, i.e., the communication of the best deterministic one-way protocol 
for /, with distributional error (average error over the inputs) at most e under /i. Let 
Re' pub (/) represent the public-coin one-way communication complexity of / with worst 
case error e, i.e., the communication of the best public-coin one-way protocol for / 
with error for each input (x, y) being at most e. The following is a consequence of the 
min-max theorem in game theory [KN97, Theorem 3.20, page 36]. 

Lemma 2.2 (Yao principle) Rl' pub (f) = max M Dl ,fl (f). 

The following result follows from the arguments in Braverman and Rao [BRIO . We 
skip its proof. 

Lemma 2.3 (Braverman and Rao |BR10j ) Let f C X x y x Z be a relation and 
e > 0. Let XY ~ fi be inputs to a private coins one-way communication protocol V 
with distributional error at most e. Let M represent the message of V . Let 9 be the 
distribution of XYM and let 



Pr 



9{i\y) 



< 5. 



There exists a deterministic one-way protocol V\ for f with inputs distributed according 
to fj,, such that the communication ofV\ is c + 0(log(l/5)), and distributional error of 
V\ is at most e + 25. 



3 



3 New bound 

Let / C/fx^x2bea relation, fi, X £ X x y be distributions and e, 5 > 0. 

Definition 3.1 (One-way distributions) Distribution A is called one-way for dis- 
tribution fj, if for all (x,y) in the support of X we have fJ>(y\x) = X(y\x). 

Definition 3.2 (Error of a distribution) Error of distribution \i with respect to f , 
denoted err $ (//,), is defined as 

eri 7(/^) = f min {, p r [(x,y,g{y)) i f] I g ■ y -> Z) . 

(X,y)<r-)X 

Definition 3.3 (Robust conditional relative min-entropy) The 5-robust condi- 
tional relative min-entropy of X with respect to [i, denoted rcment^(A) ; is defined to be 
the minimum number c such that 



Pr 



log-^f( >c 
li{x\y) 



< 5. 



Definition 3.4 (Robust conditional relative min-entropy bound) The e-error 
5-robust conditional relative min-entropy bound of f with respect to distribution fj,, 
denoted rcment^ 5 (/), is defined as 

rcment^ (5 (/) = f min{rcment^ (A)| A is one-way for /j, and err/- (A) < e} . 

The e-error 5-robust conditional relative min-entropy bound of f , denoted rcmer\t ej s{f) , 
is defined as 

rcment £i 5(/) = f max{rcment^ t (5 (/)| \x is a distribution over X x y} . 

The following bound was denned in }JKN08j where it was referred to as the one-way 
subdistribution bound. We call it differently here for consistency of nomenclature with 
the other bound. 

Definition 3.5 (Relative min-entropy bound) The e-error relative min-entropy 
bound of f with respect to distribution fi, denoted mente(/), is defined as 

ment^(/) = f min{<S' 00 (A||/x)| A is one-way for \i and err^(A) < e] . 
The e-error relative min-entropy bound of f , denoted ment(/), is defined as 

ment e (/) = f max{ment^(/)| \x is a distribution over X x y} . 
The following is easily seen from definitions. 

Lemma 3.1 rcment^(A) < <Soo(A||/i) and hence rcment^ (5 (/) < mente(/) and rcment £ ^(/) < 
ment £ (/). 
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4 New characterization of public coin one-way 
communication complexity 

The following lemma appears in [JKN08J . 

Lemma 4.1 Let f O X x y x Z be a relation and ^ G X x y be a distribution and 
e, k > 0. Then, 

D e ^_ 2 _ k) (/) > me<(/)-A;. 
We show the following lemma which we prove later. 

Lemma 4.2 Let f C X x y x Z be a relation and [i G X x y be a distribution and 
e, 5 > 0. Then, 

Djf 4a (/)<rcment M (/) + 0(logi) . 
Theorem 4.3 Let f (1 X x y x Z be a relation and e > 0. T/ien, 

mental/) - 1 < R e ' pub (/) < rcment e/5j£/5 (/) + 0(log . 

.Hence 

R i, P ub (/) = 0(ment£(/)) = (rcment £)£ (/)) . 

Proof: The first inequality follows from Lemma 14.11 (set k = 1) and maximizing both 
sides over all distributions /x and using Lemma [2 .21 The second inequality follows from 
Lemma 14.21 (set e = e, 5 = e) and maximizing both sides over all distributions \x and 
using Lemma 12.21 The other relations now follow from Lemma 13.11 and from the fact 
that the error in public coin randomized one-way communication complexity can be 
made a constant factor down by increasing the communication by a constant factor. ■ 

Proof of Lemma 14. 2\ We make the following key claim which we prove later. 

Claim 4.4 There exists a natural number k and a Markov chain M -H- X Y , where 
M G [k] and XY ~ fj,, such that 

1. for each i G [k] : err / (P i ) < e, where Pi = (XY\ M = i), 



P r (ic,y,i)<-0 

XYM. 



log > rcment ej< 5(/) +log| < 25, where 9 is the distribution of 



The above claim immediately gives us a private-coin one-way prootocol V\ for /, where 
Alice on input x generates i from the distribution M x and sends i to Bob. It is easily 
seen that the distributional error of V\ is at most e. Now using Lemma 12.31 we get a 
deterministic protocol Vi for /, with distributional error at most e + 4<5 and commu- 
nication at most d = rcment e ^(/) + 0(log j). ■ 



We return to proof of Claim [ 
Proof of Claim 14. 4t Let c = rcment £j< 5 (_/"). Let us perform a procedure as follows. 
Start with i = 1. 
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1. Let us say we have collected distributions Pi,. . . ,P%-i, each one-way for [/,, and 
positive numbers pi, ■ ■ . ,Pi-i such that ji > Yl % j^iPjPj- If M = Y^j=vPjPj then 
set k = i — 1 and stop. 

2. Otherwise let us express fi = Y^j=iPjPj + SiQij where Qi is a distribution, one- 
way for fj,. Since rcment^(/) < c, we know that there is a distribution R, one-way 

for Qi (hence also one-way for [i), such that rcment^(i?) < c and err f(R) < e. 
Let r = max{g| Qi > qR}. Let Pi = R,pi = qi*r,i = i + 1 and go back to stepCQ 

It can be observed that for each new i, there is a new x £ X such that Qi(x) = 0. 
Hence the above process converges after at most \X\ iterations. At the end we have 

Let us define M G [k] such that Pr[M = i] = Pi . Let us define XY € X x y 
correlated with M such that (XY\ M = i) ~ Pj. It is easily checked that ~ [i. 
Also since each Pi is one-way for /u, XYM form a Markov chain M •<->■ X •<->■ Y. Let # 
be the distribution of Let us define 

1. £? = {(x,y,i)| logfg^> C + logi}, 

2. Bi = {(x,y,i)\ logg^>c}, 

3. 5 2 = {(x, 2/ ,,)l i ^ J >i}. 
Since qiQ(x,y) < n{x,y), 

Pj(x\y) = Pj(x\y) _ ft(x|y) = P;(x|y) _ Q(x,y)fi(y) < Pj(xjy) _ /i(y) 

At(^ly) Qi(^b) mOI?/) Q{y)v(x,y) ~ Qi{Av) mQiy) 

Therefore B C B\LI B2- Since for each i, rcment^ l (Pi) < c, we have 

Pr [(x,y,i)eB 1 ]<5. 

For a given y, let i y be the smallest i such that g.Q^) > |- Then, 

Pr [(x, y, i) £5 2 ] = V q iy Q ly (y) < V ^(y) = 5. 
y ' v v 

Hence, P^( x ,y,i)^e[( x ^ *) £-£>]< 25. Finally note that, 

P(x|y) = fl(x|(y,i)) = e{x\y)e(i\{x,y)) = 9(i\x) 
//(x|y) 9(x\y) O(i\y)0(x\y) 6(i\y) ' 



5 Strong direct product for one-way communi- 
cation complexity 

We start with the following theorem which we prove later. 
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Theorem 5.1 (Direct product in terms of ment and rcment) Let f C XxyxZ 
be a relation and fi G X x y be a distribution. Let < 200\/<5 < e < 0.5 and k be a 
natural number. Then 



ment l-(l- e /2)U*J (/*) ^ 6 • ^ • rCme <e(.f) • 

We now state and prove our main result. 

Theorem 5.2 (Direct product for one-way communication complexity) Let f C 

X x y x Z be a relation. Let < 200\/5 < £ < 0.5 and k be a natural number. Let 
5' = (1 — e/10)L 5fc J + 2~ fe . There exists a constant k such that, 

R l L Pub (/fc) > ^ . Rl,Pub (/) _ k 

Ln other words, 

Rt P 2-^)(/ fc )>^- R V3 Ub (/)) • 



Proof: Let \i\ be a distribution such that D^ Ml (/) = R? p (/). Let be a distribution 
such that rcment^ 5 E / 5 (/) = rcment £ / 5 i£ /s(f). Let k be a constant (guaranteed by 

£/5,e/5l 

and Theorem 15. II 



Lemma l4~2j) such that Dl ,fll (f) < k • rcment £ /5 j£ / 5 (/). Using Lemma l4~Tj Lemma l4~2l 



^.Rl,pub (/) = ^. D l,M 1(/) 



< S ■ k • rcment e/5>e/5 (/) = S ■ k • rcment^ /5 e/5 (/) 

* me <-(i- £ /io)^(/ fc ) ^ D Mi- £ /io)^- 2 -(/ fc ) + fc 



Proof ofTheorem l5.lt Let c = rcment£ j£ (/). Let A G X k xy k be a distribution which 
is one-way for fi k and with Soo{^\\^ k ) < $ck. We show that err j/s (A) > 1 — (1 — e/2)L 5fc J . 
This shows the desired. 

Let B be a set. For a random variable distributed in B k , or a string in B k , the 
portion corresponding to the ith coordinate is represented with subscript i. Also the 
portion except the ith coordinate is represented with subscript —i. Similarly portion 
corresponding to a subset C C [k] is represented with subscript C. For joint random 
variables MN, we let M n to represent M\ (N = n) and also MN\ (N = n) and is clear 
from the context. 

Let XY ~ A. Let us fix g : y k — > Z k . For a coordinate i, let the binary random 
variable Tj £ {0, 1}, correlated with XY, denote success in the ith coordinate. That is 
Ti = 1 iff XY = (x, y) such that (xi,yi, g(y)i) £ /• We make the following claim which 
we prove later. Let k' = [Sk\ . 

Claim 5.3 There exists k' distinct coordinates i\, ■ ■ ■ ,ik' such that Pr[Tj 1 = 1] < 1 — 
e/2 and for each r <k! , 
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1. either Pr^ X T i2 X • • • X T ir = 1] < (1 - e/2) k ', 

2. or Pi[T ir+1 = 1| {T h x T i2 x • • • x T ir = 1)] < 1 - e/2. 

This shows that the overall success is 

Pr[Ti x T 2 x • • • x T k = 1] < PrfT^ x T l2 x • • • x T v =1]<(1- e/2) k ' 



Proof of Claim 15. 3t Let us say we have identified r < k' coordinates ii, . . . i r . Let 

C = {h,i 2 , ■ ■ ■ , i r }- Let T = T h x T h x • • • x T ir . If Pr[T = 1] < (1 - e/2) k ' then we 
will be done. So assume that Pr[T = 1] > (1 - s/2) k ' > 2~ Sk . 

Let X'Y' ~ ^. Let X X Y X = (XF| T = 1). Let D be uniformly distributed in 
{0, l} fc and independent of X X Y X . Let U { = X} if A = and ^ = F/ if A = L 
Let U = Ui . . . Uk- Below for any random variable XY, we let XY d<u , represent the 
random variable obtained by appropriate conditioning on XY: for all i, X^ = if 
di = otherwise Fj = Ui if d = 1 . Consider, 

6k + 6ck > < s 00 (x 1 y 1 ||xy) + s 00 (xy||(x , y / )^ fc ) 

> s OQ (x 1 Y 1 \\(x'Y') 9k ) > spr^iipr'y')®*) =E^ D 5(x 1 F 1 ||(x'F / )® fe ) 

> E (d,u,s c ,y c )^(D^X^y^)^((^ 1 '^ 1 )rf,«^C,»/cll((^ / ^ / ) lX,fe )c(,«,3;c,S/c) 

- ^id^xcyc^iDUX^Y^SiXiu^cycW-^'duuuxcyc ® • • • ® X' dk)Uk ^ XCiyc ) 

— {d,u,xc,yc)-^(DUX^,Y^) 

,u,x c ,yc 

)i\\X' d 

= ^2 E (d,u,x c ,y c )^(DUX^)S((X} 

,u,x c ,yc MK,uJ • (5-1) 



Also 



<ta > ^(A^F^XF) > Sp^F^XF) = E d ^ D 5(X 1 F 1 ||XF) 

- ^{d^xcyc^iDUX^Y^O^d^xcyc H ^i,«i,^c,2/c ® • • • ® ^dfc.Ufc.zcss/cv 

— (d,u,xc,yc)-^(DUX^,Y^) 



,u,xc,yc )i\K, Ui ) ■ (5-2) 

From Eq. 15.11 and Eq. 15.21 and using Markov's inequality we get a coordinate j outside 
of C such that 

1- Ec^^Mw^^i^o.w^ll^iw) ^ W ^ 4(5c ' and 

2 - E (d,«,x c ^c)^(s^c y c)^^^ u ^c,yc^'ll^4' M j'' - (i^T - ^' 
Therefore, 

= ^{d_ j ,u- ] ,x c ,y c )^{D- j U- ] X 1 c Y^(d :j ,u ] )^(D ] U ] )\ (D. j U- J X^Y^)=(d. j ,u. j ,x c ,y c ) S ((Xj^ xc ^ c )j\\X d ^ Uj 
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And, 

45 > ^( y d,u,x c ,yc)^{DUXl ; Y^)S{{ylu,xc,yc^i\\ Y d ] ,u : j) 

Now using Markov's inequality, there exists set G\ with PrfY 1 ,- € G\[ > 1 — 0.2, such 
that for all , u-j , xq , yc) S G±, 

L E (d J ,« J )^(D,l/ J )| (D_ J U. ] X 1 c .Y^=(d_ j ,u_ j ,x c ,y c ) S (( X iu,x c ,y c )j\\ X d J ,u 3 ) ^ 4(Wc > aIld 

Fix (d 

—j,U—j,xc,Uc) £ Ci- Conditioning on ZX,- — 1 (which happens with probability 
1/2) in inequality [TJ above we get, 



E 



^y/KD^t^x^M^n-^^ ^ 8(Wc - ( 5 - 3 ) 

Conditioning on £)j = (which happens with probability 1 /2) in inequality [2j above 
we get, 

E xj+-Xj | (D_j C/_,Xi,y ( 3,)=(<i_ J l u_ i) x Cl j)c7)' Sr ((- J d-j M ,xc,yc )i 1 1 Y Xj ) < 8(W - 

Using concavity of square root we get, 

Let X 2 Y" 2 be such that X 2 ~ (^i^^^^^ and (Y 2 | X 2 = a;,-) ~ Y x '.. From Eq.ES 
we get, 

\\X 2 Y 2 - {(X 1 Y 1 ) d _^ u _. tXCtyc ) j \\ 1 < v807. (5.5) 

From construction X 2 Y 2 is one-way for \i. Using using Eq. 15.31 and Eq. 15.51 we conclude 
that 

X 2 Y 2 (x\y) 



Pr 

(x,y)^X 2 Y 2 



log ^-r^ — > c 



< 1005 + V805 < e. 



Hence rcmente (X 2 Y 2 ) < c. Hence, err f(X 2 Y 2 ) > e and therefore 

3e 



err f ({{X^) d _ jiU _., XCiyc )j) > e - V805 > —. 

Since conditioned on (Yj_, u _, xc yc )j, the distribution {X X Y )i_ jjU _^ XCi y c * s product 
across the X k and y k parts, we have, 

PrfT) = 1| (l,d^,u^,x c ,yc) = (TD-jU-jXcYc)] < 1 - err /(((* 1 Y 1 ) < ,_ i) «-,,* .i/ )*) 



Therefore overall 



Pr[Tj = 1| (T = 1)] < 0.8(1 - + 0.2 < 1 - e/2. 
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